Genus two partition functions of 2d chiral conformal field theories are given by Siegel modular forms. We compute their conformal blocks and use them to perform the conformal bootstrap. The advantage of this approach is that it imposes crossing symmetry of an infinite family of four point functions and also modular invariance at the same time. Since for a fixed central charge the ring of Siegel modular forms is finite dimensional, we can perform this analytically. In this way we derive bounds on three point functions and on the spectrum of such theories.
Introduction
Over the past few years there has been a lot of progress in the modern conformal bootstrap, started by [1] . The modern conformal bootstrap combines crossing symmetry with numerical methods to obtain bounds on operator dimensions. With current technology, usually one checks crossing symmetry of a single four point function only. The ultimate goal is of course to bootstrap the entire CFT, for which it is necessary to combine all correlation functions and check for mutual consistency. In [2] [3] [4] this was done for three four point functions, which lead to the 3d Ising model. For two dimensional CFTs, in addition to crossing symmetry we also require modular invariance. Similar to the crossing bootstrap, one can perform a modular bootstrap [5] [6] [7] [8] , which gives another set of consistency conditions. The ultimate goal of the full bootstrap is to combine all consistency conditions, and find solutions to them. For 2d CFTs in particular one wants to combine modular invariance and crossing symmetry at the same time. This is obviously a very hard problem.
Here we take a step towards this goal by combining an infinite number of constraints, both from crossing symmetry and from modular invariance. We do this by considering correlation functions on higher genus surfaces. Fundamentally, the idea behind this comes from the insight of [9] , namely that consistency of the correlation functions on the sphere, i.e. crossing symmetry, and of the torus one-point functions, i.e. modular invariance, implies that the higher genus correlation functions are well defined. In particular, they are invariant under the higher genus modular group. We can thus check an infinite number of crossing symmetry and modular invariance conditions at the same time. Here we will consider the genus 2 partition function. In that case the modular group is Sp(4, Z). This group indeed contains the crossing group and the modular group. Using the technology of [10, 11] , we can relate the partition function to physical quantities such as three point functions of primaries and the spectrum of the theory.
As usual in the conformal bootstrap, there are two main ingredients. First, we need to compute the conformal blocks, in this case for g = 2, n = 0. To do this we choose Schottky coordinates on the moduli space, and obtain the conformal block using the technology of [10, 11] . The choice of Schottky coordinates allows us to translate the coefficients of the partition functions to three point functions. One could of course also use a different technology such as recursion relations to obtain the conformal block [12] , although in that case one would still have to convert to Schottky coordinates, or some other suitable set of coordinates in order to connect to the appropriate physical correlators.
The second ingredient in the modern conformal bootstrap is to impose the symmetries. This is usually done by expanding around a fixed point of the symmetry and demanding that the first N odd derivatives vanish. In our case we impose it instead by demanding that the genus 2 partition function be a Siegel modular form. This then automatically ensures that it has all the required symmetries. We will only consider chiral or meromorphic CFTs here, that is theories which only contain left-moving degrees of freedom. The advantage is then that for fixed central charge the space of such forms is finite dimensional. This means that we only need to fix a few physical parameters of the theory, and then automatically obtain all other physical quantities as functions of those parameters. The physical parameters that we fix are the spectrum of the lightest states and some of their three point functions. We will call this the 'light data', L. The light data then automatically fixes the entire partition function, which in particular means that we can express an infinite number of (sums of squares of) three point functions in terms of it. Assuming unitarity and imposing that all these squares be positive then leads to an infinite family of constraints on the physical parameters, giving the sought-after bounds. Note that in this sense our bootstrap is not numerical, but analytic, as for instance in [13, 14] .
Using this approach we investigate the allowed range of parameters for unitary meromorphic theories of central charge c = 8k with c ranging from 8 to 72. The results for c = 24 (and less) are of course known using a careful analysis of allowed spin 1 algebras [15] . The results for higher central charges however are new. We find bounds on the number of states N h and the squares of three point functions. More precisely, let c ϕ 1 ϕ 2 ϕ 3 be the three point function of three primary fields. The coefficients of the partition function are then given by
where the sum runs over all primary fields ϕ i of weight h i . We can also define the average square of a three point function of primary fields of weights h 1 , h 2 , and h 3 by 2) where N h is the number of primary fields of weight h. These are the quantities that we will bound. Bounds on three point functions using modular invariance or crossing symmetry were also considered for instance in [16, 17] . In those cases some of the operators were taken to be asymptotically heavy. In that sense our results are the analog results for light operators.
This paper is organized in the following way. In section 2 we describe the ring of Siegel modular forms and their connection to the partition functions. In section 3 we compute the conformal block of the genus 2 vacuum amplitude and in section 4 we give explicit expressions for the genus 2 amplitudes in terms of the light data. In section 5 we derive constraints from unitarity.
Note added: We coordinated submission with [18] and [19] , as there is some overlap in our results.
Siegel Modular Forms
In this section we summarize some properties of Siegel modular forms which are important for our purposes, as well as their relation to partition functions. For a chiral CFT of central charge c, partition functions Z g can be written as a modular form W g of weight c/2 times some universal function F g which only depends on the genus [10, 11] 
The function F g has the appropriate weight such that Z g is indeed invariant under modular transformations. In addition, the functions W g (Ω), where Ω is the period matrix of the genus-g Riemann surface, are holomorphic on the space of period matrices of the Riemann surface and are modular forms of degree g and weight k = c/2:
For g ≤ 3, W g is a Siegel modular form. For g = 1 this reduces to the definition of a usual modular form of weight k.
Genus 1
Here W 1 is an ordinary modular form transforming under SL(2, Z), and the Riemann period matrix is simply τ . F 1 is given by the square of the η function
where
The ring of modular forms is generated by the Eisenstein series 5) where the subscript denotes the modular weight. For future use, we introduce also the modular discriminant of the elliptic curve, given by
(2.6)
Genus 2
For genus 2 we parametrize the Riemann period matrix as
and the multiplicative periods as q ij = e 2πiτ ij . The generators of the ring of Siegel modular forms of degree 2 and even weight are [20] 
Here the E n are the genus 2 Eisenstein series, and χ 10 and χ 12 can be expressed in terms of Eisenstein series as we describe in appendix A. Following (2.6), we define the analogue genus 2 function
which we will use in the upcoming sections. As we will see in section 3, in order to relate the genus 2 partition function to physical quantities, it is useful to go to Schottky space and work with Schottky coordinates p 1 , p 2 , and x,
The relation between the multiplicative periods and the Schottky parameters are derived in appendix A of [11] . The power series expansion of q ij are of the form
12) 13) and q 21 = q 12 . The coefficients c(n, m, |r|) and d(n, m, r) are listed in appendix E of that paper. F 2 is essentially a generalization of the η function to genus 2 and can be found in [21] . We will only use its expansion in Schottky coordinates 14) with the coefficients b given in [11] .
Factorisation properties
There are two constraints on the modular forms coming from their factorisation properties and from the action of the Siegel operator on them. They provide a way to relate higher genus partition functions to lower genus ones. These constraints have been studied in detail in [10] (see section 4.1 of this reference) and we summarise them below. In the degeneration limit where a genus g Riemann surface degenerates to a singular surface which has two smooth components of genus g − k and k, the Riemann period matrix of the genus g surface is block diagonal and the modular form f g factorises as
For g = 1, assuming that the theory has a unique vacuum, this simply fixes the overall normalization as lim
For genus 2, the factorisation properties of the generators of Siegel modular forms of degree 2 are 17) and for ψ 12 we have
Another constraint on Siegel modular forms comes from applying the Siegel operator on them. The Siegel operator is a linear map which maps a modular form of degree g to one of degree g − 1:
A cusp form of degree g is any element of the kernel of this linear map. Using (2.16), we find that
(2.20)
For g = 1 we have chosen the normalisation of degree one Eisenstein series in (2.5) such that the constant term in the Fourier expansion is 1. We then have
The discriminant (2.6) is a cusp form of degree 1:
The action of the Siegel operator on the generators of modular forms of degree 2 is 3 Genus two conformal block expansion
Genus 2 partition function
Let us now relate the partition functions to physical quantities. For the genus 1 partition function, this is of course straightforward: we simply have usual graded trace
The genus 2 partition function is a bit more subtle. We follow the approach of [11] and consider the surface to be a sphere of four punctures with two handles. In terms of the coordinates this means we perform a Schottky uniformisation of the genus 2 surface. The partition function is then given by a sum over four point functions on the sphere:
with p 1 , p 2 , and x being the Schottky coordinates. Here there are 4 punctures on the sphere with cross ratio x, and two handles glue these punctures pairwise with coordinates p 1 and p 2 determining the shapes of these handles. The sum over functions C h 1 ,h 2 (x) then represent the sum over four point functions on the sphere where fields of dimensions h 1 and h 2 run through the two handles:
where G φψ is the metric on the space of states. C h 1 ,h 2 are almost the standard four point functions, except for a slightly different definition of the "in" and "out" vertex operators. Let us explain this in more detail. First note that under a global conformal transformation γ, i.e. a Möbius transformation, a state transforms as
In particular, we have the transposition mapγ : z → − 1 z , which gives [22, 23] 
The metric G φψ is then given by
Since we are interested in unitary theories, we want to introduce a hermitian structure. Let " · " be the antilinear involution which acts as hermitian conjugation on the Hilbert space. Note that it acts on operators as
We will usually choose our primaries to be real, that is to satisfyφ = ϕ. Note that this choice implies for descendant fields that
where N φ is the total level of all Virasoro descendants. Using this notation, the metric G can be related to the standard Kac matrix K φψ as
It is useful to write (3.3) as
The vertices V in and V out are defined as [11] 
and 14) and are the usual vertex operators for quasi-primary fields φ i and ψ i since the corresponding states are annihilated by L 1 . However, if φ i and ψ i are not quasi-primary operators, then the action of L 1 on them is non-trivial and hence, the factors of e L 1 are needed to be taken into account. Non-quasi-primary operators transform non-tensorially under Möbius transformations and so acquire additional factors. These factors then render the four point functions crossing symmetric. We take all primary fields to be orthonormal. We have
Let us also define the corresponding three point functions. Namely,
and
Inserting a complete set of states φ 3 , ψ 3 , we then rewrite (3.2) as
We shall also slightly rewrite the vertex operators (3.13) and (3.14) to get nicer expressions for C in and C out . Namely, we use
to find
These in fact have the property that
Genus two conformal block
We compute the genus 2 partition function (3.19) by decomposing it into conformal blocks:
Here the triple sum is over all primary fields ϕ of the theory, c ϕ 1 ϕ 2 ϕ 3 is their three point function, and F 2,0 (h i , c; p 1 , p 2 , x) is the conformal block for the genus 2 surface with zero punctures given in Schottky coordinates. As usual in the conformal bootstrap, we now make the assumption that the theory is unitary. This means that the Kac matrix (3.9) is positive definite, in particular also for primary fields. This means that we can choose an orthonormal basis for the primary fields. Note moreover that for any theory we can choose our primaries to be real, i.e., ϕ =φ [23] . In this case the three point functions are either real or purely imaginary, depending on the weight of the fields, due to the general identity
In addition, because of c ϕ 1 ϕ 2 ϕ 3 = (−1)
and so the coefficients in front of the conformal block are necessarily non-negative. The Kac matrix is then simply the Kac matrix of the descendants, with the primaries being orthonormal. For a primary field ϕ, we define the associated descendant state |ϕ, N as: 27) where N = (N 1 , N 2 , . . . N n ), and − N is a partition with
The Kac matrix between two such states is then defined in the usual way,
Note that K vanishes between two different primary fields, and only depends on ϕ through its weight h ϕ . For brevity, we have thus suppressed the dependence on ϕ. Using and (3.19) and (3.25), we can then compute F 2,0 :
To compute explicit expressions, it is useful to define the 'ordinary' three point function
where V is the usual vertex operator (see section 3.3 below for more details). Using this we shall then write C in and C out in terms of 'ordinary' three point functions:
Note the extra factor of (−1) N 2 in C out which accounts for the fact that in C out the operator inserted isφ 2 rather than φ 2 .
Computing three point functions
Finally, let us explain how to compute the ordinary three point functions (3.30) recursively for general descendant fields. We use the recursion formula of [24] to write the expression for the th descendant of the operator φ located at x and 1. This operator might be a Virasoro primary, the identity, or a descendant of them and so in general picking up the mode is non-trivial. In terms of the modes V n , the general expression reads
In particular, for our purposes we have ψ = T -so that the modes V n (T ) ≡ L n are the Virasoro modes -and so the modes V n on the right hand side of equation (3.30 ) are found to be given by
We note that equation (3.32) is valid for any value of the modes N 1 , N 2 ∈ Z. For the nonnegative values of the arguments of the binomial coefficients we have the standard expression 4 Fixing partition functions
Conventions
As discussed in section 2, partition functions can be expressed in terms of Siegel modular forms which have a finite-dimensional space. This means that for a fixed value of the central charge c, it is enough to fix finitely many parameters to obtain the full partition function. We will call this set of parameters the light data L. As we will see, the set L consists on one hand of the multiplicities of the lightest fields in the theory, and on the other hand of a finite number of light three point functions.
Our conventions are the following: we denote by
the number of primary fields of weight h. We have, of course, N 0 = 1 which corresponds to the identity operator. We denote by
the three point function of three primary fields ϕ i , ϕ j , ϕ k , and by
the sum over absolute squares of the three point functions of all primary fields of appropriate weight. We have of course C hh0 = N h . The unitarity condition then reads
since each term in the sum |c ϕ 1 ϕ 2 ϕ 3 | 2 is a non-negative real number.
Strategy
The genus 1 partition function is completely fixed by N h . More precisely, it is fixed by the number of primary fields with dimension h, 
where c = 2k. As discussed in subsection 2.2, for fixed central charge the space of W 2 is finite dimensional, so that there are only a finite number of free parameters. Our goal is again to fix these parameters in terms of the light data L. To do this we proceed in two steps.
In a first step, we use the factorisation properties of the modular forms as well as the action of the Siegel operator on these forms as described in section 2.3 to relate it to the genus 1 partition function. This fixes some of the parameters in terms of the N h . For c ≤ 24, we will see that this completely fixes all the coefficients. The light data thus only consists of the N h given in (4.5). For c > 24, however, there are still free parameters after this procedure: the partition function is thus not uniquely fixed by the spectrum of the theory, but also depends on a finite number of the three point function coefficients. In these cases, we have to perform a second step: we write the partition function Z 2 in terms of the conformal blocks as in (3.25) with general coefficients C h 1 h 2 h 3 (see equation (3.29) ). We then compare this with the expansion of (4.6) in Schottky coordinates, matching the coefficients term by term. To fix the remaining free parameters of W 2 , is then enough to specify just a finite number of the lightest C h 1 h 2 h 3 . These are the ones that comprise the second part of the the light data L. We shall now carry out these steps and compute the partition functions of CFTs for different values of the central charge. The results are outlined in the next subsection.
Expressions 4.3.1 c=8
The only degree 1 modular form of weight k = 4 is the Eisenstein series G 4 . Equations (2.20) and (2.21) then fix the normalization to give
Similarly the genus 2 form is given by the weight 4 form E 4 ,
where, using (2.20) and (2.23), the overall constant is fixed to 1. We then have
where F k 2 is the reference partition function defined in (2.14). This describes the E 8 lattice CFT.
c=16
Similar to the previous case, the only contribution to the modular forms W 1 of weight k = 8 comes from G 4 :
For c = 2k = 16 we find
This is either the E 8 × E 8 or the SO(32) lattice theory. Note that up to genus 2, we cannot see the difference between the two.
c=24
This is the first case where we have a free parameter, as we now have G 
(4.12)
Using the constraint (2.20), we find that a 1 = 1 and so
To fix a, we write the genus one chiral character of the CFT which is the form [10] :
(4.14)
Note that we have shifted the definition of the partition function (2.1) by an overall factor of q c/12 for the leading term in the expansion to be 1. For the CFT with c = 24 we then find
where we have used equation (2.6). This lets us identify the coefficient of q with the number of spin 1 currents:
thus fixing the only free parameter a in terms of the light data L = {N 1 }:
For the genus 2 amplitude there are three possible contributions:
Imposing the two constrains coming from applying the Siegel operator and the factorisation property of W 2 as in section 2.3 fixes all these three free parameters as
We then have Z The genus 1 and 2 partition functions are completely fixed in terms of N 1 .
c=32
This is the first case where the light data contains multiplicities as well as three point functions, namely, L = {N 1 , C 111 }. W 1 is given by 22) and the genus 2 amplitude reads
We note that the coefficient of the cusp form χ 10 is not fixed by the constraint equations from factorisation (2.17) and Siegel operator (2.23). To find this coefficient, we expand the partition function in terms of the Schottky coordinates, and match it with the conformal block expansion of the partition function described in subsection 3.2. We then evaluate the coefficient of the cusp form in terms of N 1 and C 111 .
c=40
Here the light data is L = {N 1 , C 111 , C 222 }. The modular form W is given by 24) and the genus 1 partition function is found to be
The genus 2 partition function is of the form which is expressed in terms of N 1 , C 111 , and C 222 .
c=48
The light data is now L = {N 1 , N 2 , C 111 , C 222 }. We have
The genus 1 partition function reads 28) and is determined in terms of N 1 and N 2 . The higher values of N h , h > 2, are then fixed in terms of N 1 and N 2 . The genus 2 amplitude reads 29) and is completely determined in terms of N 1 , N 2 , C 111 , and C 222 , as expected. A special case of the our expressions correspond to the proposed extremal CFTs [25] . These theories have no primary fields with dimension h ≤ c/24 and so the three point functions including these primaries vanish. For the case of c = 48, this simply means that N 1 = N 2 = 0, and therefore also C 111 = C 222 = 0, so then we can immediately obtain the genus 2 partition function from (4.29). Note that this was already computed in [26] .
It is clear that we can continue this procedure to higher central charge, the only difference being that the expressions will become more and more complicated. We have also computed the genus 2 amplitude for theories with c = 56, 64, and 72. The full expressions are given in appendix B.
Constraints
From the expressions we obtained in the previous section for genus 2 amplitudes, and from conformal block expansion described in section 3.2, we can read off an infinite number of identities expressing an infinite number of three point functions and the total number of primary fields in terms of finitely many free parameters of the light data:
This constrains the parameter space, i.e., the allowed light data L, since we necessarily have
and, for unitary theories, we have
We can then find bounds on the squares of three point functions C h 1 h 2 h 3 (4.3), and also on averages of squares of three point functions defined as
We will next discuss constraints we find for each value of the central charge.
c=24
The only free parameter is the number of currents N 1 . Using the genus 1 partition function, we can read off the expressions for the N h ,
Equation (5.2) then already gives a (weak) upper bound on N 1 , namely N 1 ≤ 196883. To improve on this bound, we turn to the coefficients C h 1 h 2 h 3 . Starting with lowest weights, 6) we find that the condition (5.3) gives
which gives a lower bound. The next highest coefficient is 8) which gives N 1 ≥ 0 and so does not improve the bound (5.7). We note that the sums over the square of the three point function coefficients are symmetric under the exchange of the indices, as expected. We next have 2 ), we find that the coefficient which yields the stringent upper bound is We note that this bound is less restrictive than the one obtained by Schellekens [15] , i.e., N 1 = 0 or 24 ≤ N 1 ≤ 1128. We could of course improve our bounds by following his analysis of the allowed spin 1 algebras. In the spirit of our bootstrap approach we do not do this, since in particular it would not generalize to constraining higher spin fields.
c=32
The genus 1 partition function of the c = 32 theory is fixed by N 1 . The multiplicities N h for the first few low lying values of h are given by higher C h 1 h 2 h 3 , we obtain the following upper and lower bounds for C 111 : Using the bounds obtained in (5.15) and (5.16), we can also obtain global bounds on the averages of the squares of higher three point functions c
. For the first few low lying coefficients we find The fact that these three point functions are so small on average indicates that there is some symmetry leading to a selection rule. On the other hand, for C 333 the upper bound has its which is much larger than (5.18).
c=40
The genus one partition function is still determined by N 1 alone, giving
20)
The genus 2 partition function now depends on the light data N 1 , C 111 and C 222 . Imposing the constraints (5.2) and (5.3), we can determine the allowed region for these three parameters, which is depicted in figure 3 .
To give a better picture, we can also derive upper bounds on C 111 and C 222 as a function of N 1 only. To do this first note that coefficients of the form C 1h 2 h 3 depend only on C 111 and N 1 . For instance, we have which directly gives an upper bound
Similarly, higher C 1h 2 h 3 give an upper bound on C 111 which is piecewise quadratic in N 1 , and is plotted in figure 4 . This allows us to find a global bound for the average square of the three point function c 111 by maximising over N 1 :
To find similar bounds on C 222 , we consider higher coefficients C h 1 h 2 h 3 with h i > 1, which depend on all three parameters of the light data, i.e., N 1 , C 111 and C 222 . We eliminate the dependence on C 111 using the bound obtained for C 111 in terms of N 1 . In this way, we derive an upper bound on C 222 , which we have plotted in figure 5 . The averaged quantity c 2 222
has the following global bound: 
c=48
The multiplicities of primary fields with higher dimensions are given in terms of N 1 and N 2 .
For the first few multiplicities we have We observe that some of the expressions depend on both N 1 and N 2 , while others depend only on N 1 . This is in general the case for theories with central charge c = 24 , ∈ Z: the torus partition function of such theories contains a term which is proportional to ∆ c/24 = ∆ , where ∆ is the discriminant (2.6). Taking into account the pre-factor of the character (4.14) which is of the form q/∆ c/24 , we find that the contribution of this term to the character is only one term: a q , where a is a constant (see equations (4.27) and (B.9)). The coefficient of each term in the q-expansion of the character (a h q h ) includes the contribution from Virasoro primaries of that dimension (i.e., N h ) as well as Virasoro descendants of primary fields of lower dimensions: 26) where p(h − i) are the integer partitions corresponding to descendants at level (h − i). 1 Thus, the contribution of a to N h , h > , only appears in the descendants of lower dimensional primaries and so is dressed with the integer partitions corresponding to the descendant level. It is then easy to see that, for some values of h > , the cancellations between the terms containing a (dressed with integer partitions) yields vanishing of N in the expression for N h , as observed above in equation (5.25) above for = 2 (see also (5.33) for the case of = 3). We note that this is only the case for theories with c = 24 , and suggests that in these theories the multiplicity of the 'heavy' field with h = c/24 either does not affect the number of heavier primary fields (N h , h > c/24), or comes in with a coefficient of O(1) whereas the coefficients of N h i with h i < c/24 are orders of magnitude larger. Imposing (5.2) and (5.3), we then obtain the following bounds on N 2 , which is valid if N 1 > 0: Here the upper and lower bound come from C 133 and C 122 , respectively.
Next we obtain a bound on C 111 by considering the coefficients C 1h 2 h 3 , which again only depend on N 1 , N 2 , and C 111 , yielding 0 ≤ C 111 ≤ 504 3029 28) where the upper bound comes from C 133 , and we have used (5.27) to eliminate the dependence on N 2 . If we want to keep the dependence on N 2 , the result is shown in figure 6 . Finally, by considering the higher coefficients C h 1 h 2 h 3 , and using (5.28) to bound C 111 , we find the region in the space of parameters N 1 , and N 2 , and C 222 which satisfies all the constraints. This region is depicted in figure 7 .
We note that the c = 48 extremal CFT partition function, for which we have N 1 = N 2 = C 111 = C 222 = 0, satisfies all our inequalities and is compatible with our results.
c=56
The multiplicities N h are fixed by N 1 and N 2 as The coefficients C 112 depends on N 1 and C 111 , and yields the following bound on C 111
Similarly, we can find bounds on the other light data. As an example, figure 8 shows the region in the parameter space where the constraints (5.2) and (5.3) are satisfied for C 122 .
c=64
The multiplicities of primary fields depend on N 1 and N 2 . For the first few low lying values we have
31)
From C 112 we find the bound
As an example for the other light data, we again plot the allowed region for C 122 in figure 8. 
c=72
The multiplicities of primary fields N h are determined by N 1 , N 2 , and N 3 , and for the first few values of h we have
33)
Again we see that some of the multiplicities only depend on N 1 and N 2 and not on N 3 . If N 1 > 0, then from C 144 and C 133 we obtain upper and lower bounds on N 3 : A Eisenstein series of degree one and two
The Eisenstein series of degree g and weight k are defined as
A.1 Degree one
The Eisenstein series of degree one are of the form
The Eisenstein series have Fourier expansions in terms of the multiplicative period q = e 2πiτ .
It is customary to use the normalisation
where ζ(k) is the Riemann ζ function and σ k (n) is the divisor sum function
A.2 Degree two
The Fourier expansion of the Eisenstein series of degree two in terms of the period matrices τ ij is of the form [27]
where Ω is given by (2.7) and
In terms of the multiplicative periods we have
(A.7)
The Fourier coefficients a k (n, m, r) are given by
where H(k − 1, N ) is the Cohen function introduced in [28] . It can be computed from a modified version of the Dirichlet L-series as
This modified Dirichlet L-series in turn is defined as and σ is again the divisor sum function (A.4). The Cohen function is always rational with a bounded denominator and a table with some values of the Cohen function is provided in [28] . We choose the normalization such that a k (0, 0, 0) = 1. 
B More on genus two partition functions
This appendix contains the genus 1 and genus 2 partition functions for meromorphic CFTs with central charge c = 56, c = 64, and c = 72.
B.1 c=56
The light data of the CFT has 6 elements: L = {N 1 , N 2 , C 111 , C 122 , C 222 , C 223 }. We find 
B.2 c=64
The light data of the theory has 8 elements in this case: L = {N 1 , N 2 , C 111 , C 122 , C 222 , C 223 , , C 233 , C 333 }. The degree 1 modular form W 
